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Numerical Solution for Supersonic Turbulent
Flow over a Compression Ramp

J. S. Shang* and W. L. Hankey Jr.t
Flight Dynamics Laboratory, Wright-Patterson Air Force Base, Ohio

A modified eddy viscosity model is incorporated into the compressible Navier-Stokes equations. The
modification attempts to reproduce the response of turbulence to a severe pressure gradient in the flowfield. This
relaxation phenomenon is described by an exponential decay of the unperturbed eddy viscosity coefficient down-
stream of the perturbation in terms of a prescribed length scale. The system of equations is solved by Mac-
Cormack's time-splitting explicit numerical scheme for a series of compression corner configurations. Com-
putations are performed for ramp angles varying from 15 to 25° at a Mach number of 2.96 and a Reynolds num-
ber of 107. Calculations utilizing the modified eddy viscosity for the interacting turbulent flow compare very
well with experimental measurements, particularly in the prediction of the upstream pressure propagation and
location of the separation and the reattachment points. Good agreement is also attained between the measured
and calculated density profiles in the viscous-inviscid interaction region.

Nomenclature
Cf = skin- f riction coefficient 2 r^/p^
D = Van Driest damping factor, Eq. (14)
e = specific energy
61 = specific internal energy, cv T
F,G = vector fluxes in mean- flow equations
h = maximum vertical dimension of the computational

domain
L = length of the leading plate, 1 ft
p = static pressure
q = wcos ct + v sin a
Pr - molecular Prandtl number
Prf = turbulent Prandtl number
S = distance along the surface
t = time
T = temperature
u, v = velocity components in the Cartesian coordinates
^max = maximum velocity in the shock layer
U = vector of conserved properties in mean-flow

equations
x,y - Cartesian coordinates
a. = transformation variable defined by Eq. (1)
d •= boundary-layer thickness
e = eddy viscosity coefficient
0W = wedge angle
fji = molecular viscosity coefficient
£,77 = skewed coordinates defined by Eq. (1)
rw = wall shear stress

Introduction

BOUND ARY-layer separation from a surface up-
stream of a compression ramp with sufficiently large

deflection has long been identified as an inviscid-viscous in-
teraction problem. Interacting boundary-layer solutions over
two-dimensional corners have been employed for laminar
flows (see Refs. 1-3). More recently, an asymptotic solution
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on the identical subject also has been accomplished (Ref. 4).
For all these solving schemes, either an iterative or a matching
procedure must be implemented to accommodate
simultaneously the - shear stress dominant region and the
associated inviscid stream. On the other hand, numerical
solutions of the time-dependent Navier-Stokes equations have
also been reported.5'8 This direct approach automatically ac-
complishes the inviscid-viscous interaction. Crocco9 indicates
that the time dependency of the governing equations allows
the solution to progress naturally from an initial guess to an
asymptotic steady state. MacCormack developed a two-step
difference method for solving the time-dependent Navier-
Stokes equations and successfully investigated the interactions
of a shock wave with a laminar boundary layer.5 Recently,
Baldwin and MacCormack6 generalized the numerical scheme
by including a turbulence model to analyze the turbulent in-
teraction flowfield in the hypersonic regime. The flowfield
structure of the shock impingement problem bears a close
analogy to the flow,over a compression corner. Carter7 used
the Brailovskaya finite difference scheme to study suc-
cessfully, the laminar-flow separation over a compression
corner. The first documented solution of turbulent flows on
the compression ramp is probably due to Wilcox.8 He
adopted an explicit time-marching first-order finite difference
scheme (AFTON 2pt code) with Saffman's turbulence
model10 to investigate two-dimensional separated turbulent
flows. Comparisons of his numerical solutions and ex-
perimental data for the compression corner reveals sub-
stantial disparity. Wilcox offers two possible explanations for
the discrepancy; first, the uncertainty of the two-
dimensionality of the experimental data; and secondly, the ed-
dy viscosity concept may be inappropriate, primarily due to
the mean-flow streamline curvature. Nevertheless, one may
hope that an improved turbulence model can be found. The
present analysis utilizes the two-dimensional time-dependent
Navier-Stokes equations as developed by MacCormack with
an explicit finite differencing scheme6 (alternating direction
explicit). The concept of splitting reduces the set of two-
dimensional equations into two sets of one-dimensional
equations while retaining second-order accuracy. Cebeci-
Smith's11 eddy viscosity model provides the closure of the
system of equations. The dependent variables thus degenerate
into time-average properties of this fluid motion. It is well
known that this composite algebraic eddy viscosity model is
derived from the concept of an "equilibrium" turbulent
boundary layer. The simple diffusive eddy viscosity model in
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its original form is incapable of explicitly, conveying any in-
formation about the history of this flowfield. The present in-
vestigation intends to improve on this characteristic to
produce a relatively simple engineering tool. A simple but ef-
fective means will be to modify the eddy viscosity model to
allow for a lag in the response of the turbulence to a sudden
application of a severe adverse pressure gradient. In essence,
the present analysis attempts to model a relaxation
phenomenon within the aforementioned framework.

Two obvious objectives of the present effort can be sum-
marized. The primary aspiration is to develop an engineering
method capable of predicting turbulent-flow separation near
a compression ramp. Substantiation of this approach and its
range of validity is acquired through comparision with ex-
perimental data. Further understanding of this complicated
turbulent-flow phenomenon is also planned, and hopefully
the additional understanding may aid in the future develop-
ment of turbulence modeling.

Governing Equations
The governing equations of the present analysis are the un-

steady compressible Navier-Stokes equations in terms of
mass-averaged variables. The adoption of the eddy viscosity
coefficient and the turbulent Prandtl number reduces the con-
servation equations to the nearly identical form for laminar
flows.6 To avoid extensive interpolation of boundary con-
ditions on the compression ramp, a skewed coordinate system
is used. The relationship between the skewed and the Car-
tesian coordinate system is given by Carter7 as

where

%=x sec a.
rj=y-x tan a.

0 x<xc

x>xr

(la)

(Ib)

The relating spatial derivatives of the coordinate system can
be easily obtained as follows7

-tan a(d/dri) (2a)

(2b)

One observes that the previous equations are valid for both of
the straight segments of this compression ramp configuration.
Carter7 reveals that the derivative with respect to £ requires
special treatment to maintain second-order accuracy in the
corner region. If one applies this spatial coordinate tran-
sformation, the two-dimensional mean-flow equations
acquire the following expression

(dU/dt) + seca(aF/a£) + (dG/drj) =0
The vector components are

(3)

U=

F=

P

pu

pv

pe
pu

pu2 — ax

pUV-Txy

( p e - f f x ) u - r x y i

x sec

(4)

(5)

G =

pv — pu tan a

puv — rxy — tan a (pu2 — ax)

pu2 — vy — tan a (puv — rxy)
p
- /Pr

(6)

Where the apparent stress components are given by

du du dv
(seca —— — tana —— 4- ——

a£ a?; dr)

du du
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du du
—— -tana—-
d£ 017
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The mean specific total energy is defined as:

(7)

dv
(8)

(9)

(10)

Auxiliary relationships included in the system of equations
are the equation of state, perfect gas assumption, and
Sutherland's viscosity equation. Upon the specification of the
eddy viscosity model, molecular Prandtl number (0.72) and
turbulent Prandtl number (0.90), the system of equations is
completed.

The associated initial and boundary conditions are
prescribed as follows: the initial conditions and upstream
boundary conditions are prescribed for all the dependent
variables. A detailed description of the upstream boundary
condition will be deferred to the later section of the
discussion. At the downstream boundary, gradients of all
properties are assumed to vanish.5'6

(11 a)

The outer boundary conditions for the present analysis con-
sist of two regions, upstream and downstream of the
coalescing waves. The former is satisfied by permitting the
flow to approach its unperturbed freestream value

(lib)

The region downstream of the coalescing shock system is
fulfilled by the Rankine-Hugoniot relations

(He)

The boundary conditions on the solid contour are given as

T(t,l,0) = rw( constant)
(lid)
(lie)

(HO

Diffusive Eddy Viscosity Model
From the viewpoint of engineering calculations, the com-

pression ramp encounters severe difficulty, mainly arising



1370 J.S. SHANG AND W.L. HANKEY JR. AIAA JOURNAL

ADIABATIC WALL boundary-layer thickness at the initial station. The two-layer
mixing length model of Cebeci and Smith11 is described as
follows. Iri the inner region

—— SAFFMAN'S MODEL, REF. 8

--- CEBECI-SMITH'S MODEL, REF II

O DATA OF REF. 13

S/L

Fig. 1 Comparison of different turbulent models with experiment.

from the lack of knowledge concerning a fundamental
representation of turbulence. In the corner region, the flow
not only experiences a strong adverse pressure gradient, but
also must negotiate a sharp corner. Bradshaw12 in his work on
the effects of streamline curvature on turbulent flows
thoroughly discussed and summarized the various effects
which could substantially alter the structure of turbulence. He
also suggested several correction schemes to be used in the
calculation methods. Uncertainty remains regarding the ap-
plicability of these corrections to the present problem.

Wilcox's numerical solution of separated turbulent flows
resolve some of the unknowns. In short, the successfully
demonstrates that the interacting turbulent flow inclusive of
the separation phenomenon can be predicted by numercial
analysis. His rate equation for turbulence in principle should
be more suitable for interacting flows than the simple eddy
viscosity model. The latter possesses no means of explicitly
carrying any information about the history of the flowfield.
For the sole purpose of comparison, a 25° compression ramp
solution by Cebeci-Smith's eddy viscosty model is presented
in Fig. 1, together with Wilcox's solution and the ex-
perimental data of Law.13 It becomes obvious that neither
turbulence model can produce an acceptable engineering
solution, at least for the pressure distribution on the contour.
The comparison is particularly poor in the initial phase of the
intense interaction region. It should also be pointed out that
this is the worst comparison of the six cases that Wilcox
presented. The pronounced discrepancy in the leading portion
of the pressure distribution seems to suggest a dramatic
response of turbulence to the sudden adverse pressure
gradient. Perhaps it reveals, as Bradshaw asserted,12 that at
supersonic Mach numbers, the effects of compression
"dominate over the effects of surface curvature.

Recently, several research efforts indicate that the Reynolds
shear stress remains nearly frozen at its initial value and is
convected along streamline in highly accelerated (or
decelerated) flows.14'15 The measurements15 also indicate the
Reynolds stress approaches a new equilibrium state ex-
ponentially. A reasonable explanation of this phenomenon
has been given by Bradshaw.12 He also suggests an empirical
correction with a time scale corresponding to a streamwise
distance of roughly 10 d in the outer part of boundary layer.
More recently, Rose and Johnson16 also propose a similar
formulation on the length scale to describe the history effects.
Without more data on the relaxation phenomenon, one
realizes it would be unrealistic to allow a complex correction.
In this present analysis, the history effects are given by this
following simple form

e=eupstream+ (eequil ~ Upstream ) [/-CXp( - Ax/706) ] (12)

Where eupstream is the calculated eddy viscosity coefficient at
the initial locations of the pressure distrubance; eequil is the
calculated local equilibrium value. The streamwise distance
between these two locations is denoted by Ax. d is the

D2 —— (13)

where kj is the von Karman constant (0.4) and D is the Van
Driest damping factor

(14)

(15)

In the outer region, Clauser's defect law gives

e0 =0.0168 pwmax6*;

In the basic scaling, 6*; is the kinematic displacement
thickness

«*/= (16)

Caution should be exercised to insure that once the switch is
made from the inner value to the outer value, the calculation
of eddy viscosity is restricted to Eq. (15). A modification is
also required on the normalizing velocity wmax in Eq. (16) to
prevent a possible numerical anomaly in the transient phase of
the computations. More importantly, one must also ap-
preciate that the outer edge of an intensely interacting
boundary layer cannot be clearly defined. For this same
reason, the intermittency correction in the law of the wake is
also omitted. Technically, Cebeci-Smith's eddy viscosity
model is generalized from a boundary-layer application to the
Navier-Stokes flow regime.

Numerical Procedure
The present analysis adopts MacCormack's alternating-

direction-explicit numerical scheme.5 In the present ver-
sion,17 it contains two special procedures specially designed to
eliminate several types of nonlinear instabilities. One is the
averaging process, the other is the rather novel fourth-order
product damping term in the predictor and corrector. The lat-
ter is essential for the analysis of flowfields with severe
pressure gradients.

For the compression ramp configuration, the contour
geometry is piecewise continuous. At present, no special treat-
ment has been provided at the interface between the plate and
the sharp wedge. According to Carter,7 an interpolation
process is required to maintain a second-order accurate
solution. An improvement in numerical resolution is made
possible by overlapping the computational domains.
However, the overlapping capability also serves the purpose
of providing an identical upstream boundary condition for all
the subsequential inviscid-viscous interacting cases. The
leading segment of the calculation domain is defined by a rec-
tangle with the dimensions of 12x0.72 in. The height of the
computational plane is roughly six times the boundary-layer
thickness. Solutions in this region compare very well with
calculations by an implict turbulent boundary-layer program
developed previously.18 The difference between the two
solutions is within a few percent of both the skin-friction coef-
ficient and velocity profile. All the necessary information is
then stored at a given streamwise location to be used as the
upstream boundary condition for the following corner region.
On the compression ramp the computational region is defined
by a trapezoid with the lower surface parallel to the wedge
surface.

In the calculation, 64 x 22 computation mesh is employed.
Grid spacing in the £ direction is uniformly distributed for
each computational domain. However, a different increment
in £ has been used for the leading plate (AJ =0.01695 ft) and
downstream of the overlapping location (A£ = 0.00565 f t ) .
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The grid system consists of an exponentially varying inner
region (16 points) and an equal-spacing outer region.17 The
finest step size in rj is assigned to the viscous sublayer with a
dimension of 10 ~4 ft.

The calculation is performed on a CDC 6600 digital com-
puter. The rate of data processing is 0.028 sec per grid point
for each time step. The evolution of dependent variables is
monitored until the consecutive calculations indicate no
significant change (0.1 %), then the result is considered to be
the asymptotic solution. A typical calculation requires about
300 time cycles (1 Vi hr) to achieve convergence.

Discussion of Results
Numerical results are presented in two groups, the first por-

tion examines the feasibility of employing an eddy viscosity
model with an empirical relaxation correction for predicting
interacting turbulent flows with separation. The rest of the
presentation is devoted to the verification of this concept
through a comparison with experimental data. Before we
proceed further in this discussion, clarification of the ter-
minology is needed. In this present analysis, the
"equilibrium" flow solution is defined as the calculation by
means of the Cebeci-Smith eddy viscosity model. "Frozen"
flow then is designated as the result obtained by holding the
eddy viscosity coefficient profile constant at the undisturbed
value upstream.

We have selected the location to be 0.929 ft from the
leading edge of the flat plate for all cases computed. In prin-
ciple, a sophisticated criterion can be utilized by freezing the
eddy viscosity along a streamline as a function of the gradient.
However, to demonstrate the cause and effect of relaxing the
eddy viscosity, a more complicated model is not warranted at
the present. The relaxation solution is described as the
calculation with the eddy viscosity model given by Eq. (12).
We emphasize that this eddy viscosity model is a similar ver-
sion of that originated by Bradshaw12 and Rose and John-
son. 16 They both propose a length scale adjustment on the ed-
dy viscosity. The present correction only attempts to represent
the flow history effect due to a strong compression, with no
additional correction for the effects of streamline curvature,
etc. incorporated.

In Fig. 2, the static pressure measurements of Law13 along
with three different numerical results are presented for the 25 °
compression ramp. The freestream Mach number is 2.96 and
the Reynolds number based upon the leading plate length is
107. The equilibrium calculation fails completely in predicting
the pressure variation in the corner region, in that it un-
derpredicts the extent of the upstream propagation and
produces a very short pressure plateau. In addition, the
pressure approaches the inviscid asymptote at a more rapid
rate than the experimental data indicates. The frozen solution
on the other hand produces too large a separation region. The
correct solution apparently is somewhere between these two
extremes. A relaxation model employing Eq. (12) produces a

M,, = 2.96 ReL = I07 ADIABATIC WALL
RAMP ANGLE 25°

O DATA OF REF- 13
— - — EQUILIBRIUM MODEL

——— FROZEN MODEL

——— RELAXATION MODEL

ADIABATIC WALLM,, = 2.96 ReL = I07

RAMP ANGLE 25° -
O SEPARATION AND REATTACHMENT DATA 13,19

———— EQUILIBRIUM MODEL
—— — FROZEN MODEL
———— RELAXATION MODEL

-2.0

Fig. 3 Skin friction coefficient distributions for equilibrium, frozen,
and relaxation eddy viscosity models.
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Fig. 2 Pressure distribution for equilibrium, frozen, and relaxation
eddy viscosity models.

Fig. 4 Density profiles for equilibrium, frozen, and relaxation eddy
viscosity models.

solution with marked improvement over the two aforemen-
tioned calculations. Significant discrepancy between the data
and the present calculation only,appears in the pressure
plateau, near the corner. l

The calculated skin-friction coefficient distributions are
present in Fig. 3. The striking feature of this presentation is
the drastic difference in the shear stress distributions for the
three calculations. The difference is perhaps anticipated in
view of the three substantially different surface pressure
variations. Interestingly enough, the unusual dual-minimum
skin-friction distribution is also encountered for laminar
flows with extensive separation region.1'4 Unfortunately, no
experimental skin-friction data are available for this case,
however, oil flow measurements indicated the separation and
reattachment points of the flow. The relaxation calculation
exhibits-an excellent comparison with the experimental data.
The discrepancy between data and numerical result is within a
fraction of the boundary-layer thickness. However, the
equilibrium and the frozen calculations significantly under-
and over-predict these locations, respectively. In short, the
present relaxation scheme seems able to predict adequately the
important engineering features of the ramp problem. Then it
would be logical to seek further verification of the present
assertions in the prediction of detailed flowfield properties.

In Fig. 4, we present a comparison between the measured
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Fig. 5 Pressure distributions for various compression ramp angles.
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Fig. 7 Computed flowfield structures for a 25 ° compression ramp.
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Fig. 6 Skin friction coefficient distributions for various compression
ramp angles.

and calculated density profiles at two stream wise locations.
The experimental data are direct measurements from an in-
terferogram by means of evaluating the fringe shifts.19 The
affinity between data and the relaxation calculations up-
stream and in the separated flow region is obvious.

Encouraged by these results, a series of calculations was
performed in an attempt to establish the range of validity of
the relaxation eddy viscosity model. The investigated ramp
angles span a range of 15-25° at an interval of 2° apart. The
computed surface pressure distributions together with the
corresponding experimental data13 are given in Fig. 5. In
general, the difference between the data and the numerical
results is small. Excellent predictions of the pressure
propagation upstream of the corner have been achieved.
Significant discrepencies between the data and the
calculations appear only in the corner region for the high
ramp angle (Fig. 2).

The skin-friction coefficient distributions for the com-
pression ramp at six different ramp angles are presented in
Fig. 6. Experimental data,13'19 of this separation location
(using several techniques) for different ramp angles are also
provided in this graph. For the 15° ramp, the calculations in-
dicate a very small region of separation with a dimension less
than 2/s of the boundary-layer thickness. The corresponding
experimental observation reveals even a small region of the
separated flow. In general, the calculations predict accurately
the point of separation. For all the investigated cases, the
predictions are well within the data scatter band of the dif-
ferent experimental techniques. In this graph, one observes a
systematic evolution of the skin-friction coefficient from a
single-minimum distribution into a dual-minima behavior as
the separation domain increases substantially. This trend has
also been observed for separated laminar flows. l~4

The preceding results offer support of a relaxation eddy
viscosity model for performing engineering calculations. We

Fig. 8 Interferogram for the flow over a 25 ° compression ramp.

will devote the rest of the presentation to delineate the
significant characteristics of interacting separated turbulent
flows.

In Fig. 7, the complete interacting flowfield, including the
separation phenomenon, is presented. The experimental data
are obtained chiefly from the optical and oil-flow studies of
the 25° ramp configuration by Havener, and Radley19 and
Law.13 Upstream of the corner a clearly defined outer edge of
the turbulent boundary layer can be discerned. The normal
velocity component in the boundary layer first reveals
significant adjustment in magnitude, then exhibits a rapid
pressure rise in the wall region as the corner is approached.
Adjacent to the separation point, the coalesence of com-
pression waves is evident. The penetration of the separation
induced shock wave reaches the shear stress dominated inner
region. The order-of-magnitude difference between the two
velocity components diminishes in the outer portion of the
shear layer. Extensive spearation is located around the corner;
the boundary-layer growth increases rapidly but still reveals a
clearly identifiable outer edge. Further downstream of the
corner, a second coalescing shock wave at reattachment also
becomes detectable. The second shock eventually intersects
the leading separation shock, producing an obvious change in
the slope of the wave front. Downstream of this intersection
point, no distinctive outer edge of the boundary layer can be
clearly defined. Instead, a rotational field produces a stream-
wise velocity gradient. The numerical result essentially
duplicates the experimental observations (Fig. 8).

The comparison of the density profiles at several stream-
wise locations between the data and calculation is presented in
Fig. 9. The data are directly evaluated from the fringe
shifts;19 therefore, this outer limit of data either represents
the encountering of a shock wave or a uniform-flow region.
All the data and calculated density profiles are presented in
the coordinate perpendicular to the surface. Interpolation of
the computed results downstream of the corner is required to



OCTOBER 1975 SUPERSONIC FLOW OVER A COMPRESSION RAMP 1373

INCH

c 0.4

o
ui 0.3
xI-
g
< 0.2
DC
Oz
UJ
^ O.I

CO
o

0

Mo, = 2.96 ReL = I07 ADIABATIC WALL
RAMP ANGLE 25°

O DATA OF PER 19,20
P/Pn RELAXATION MODEL

S/L= 1.012
S/L=.997

SEPARATION S/U.963

0 .5 1.0 .5 1.0 1.5

S/L= 1.096

.5 1.0 1.5 2.0 1.0 1.5 2.0 2.5 3.0
1.0 1.5 2.0 2-50.5 1.0 1.5 2.0

P/Pao

Fig. 9 Density profiles for a 25 ° compression ramp.
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Fig. 10 Velocity profiles for a 25 ° compression ramp.

present the information in this format. In general, the
numerical results predict the measured density profiles within
a few per cent.

In the last graph (Fig. 10), we present several stream wise
velocity profiles in the body orientated coordinates. One ob-
serves a sequence of turbulent boundary layers through this
interaction region which separates, reattaches, and finally
exits as a confined shear layer. Havener, and Radley also
deduced several velocity profiles from their optical
measurements.19'20 They obtained the velocity data through
the Crocco relationship and by linearly interpolating the
pressure across the boundary layer. The comparison between
the data and the calculation reveals good conformity
throughout.

Conclusions

Although excellent agreement has been obtained between
experimental data and numerical calculations for turbulent
flows with zero pressure gradient, all turbulence models

(either the eddy viscosity model18 or the more sophisticated
model equations10 fail to predict turbulent flows with strong
adverse pressure gradients. In the present analysis, a simple
but effective modeling of the turbulence response to a sud-
denly applied pressure gradient has been incorporated into an
eddy viscosity model. The modifications reproduce the
relaxation phenomenon of turbulence by adopting an ex-
ponential decay of the unperturbed eddy viscosity with a
characteristic length scale.

The relaxation eddy viscosity model is combined with the
Navier-Stokes equations to form a closed system of
equations. The results demonstrate that the turbulence model
adequately predicts the inviscid-viscous interacting turbulent
flow, including the separation phenomenon. The comparisons
with experimental data of Law,13 Havener and Radley19 for
compression ramps indicate that the present method ac-
curately predicts the upstream pressure propagation and
location of the separation and reattachment points. A very
good resolution on the detailed flowfield variables is also ac-
complished.
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